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Abstract
In this paper, we will investigate the generalized Hyers–Ulam–Rassias stability of an n-dimen-
sional quadratic functional equation in Banach modules over a C∗-algebra and unitary elements.
 2004 Elsevier Inc. All rights reserved.
Keywords: Hyers–Ulam–Rassias stability; n-dimensional quadratic functional equation
1. Introduction
In 1940, Ulam gave a wide ranging talk before the Mathematics Club of the University
of Wisconsin in which he discussed a number of important unsolved problems [18]. Among
those was the question concerning the stability of homomorphisms:
Let G1 be a group and let G2 be a metric group with the metric d(·, ·). Given
ε > 0, does there exist δ > 0 such that if a function h :G1 → G2 satisfies the inequality
d(h(xy),h(x)h(y)) < δ for all x, y ∈ G1 then there is a homomorphism H :G1 → G2
with d(h(x),H(x)) < ε for all x ∈ G1?
The case of approximately additive mappings was solved by Hyers [8] under the as-
sumption that G1 and G2 are Banach spaces. In 1978, Rassias [12] gave a generalization
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J.-H. Bae, W.-G. Park / J. Math. Anal. Appl. 294 (2004) 196–205 197of the Hyers’ result. Recently, Ga˘vruta [7] also obtained a further generalization of the
Hyers–Ulam–Rassias theorem.
The quadratic functional equation
f (x + y) + f (x − y) − 2f (x)− 2f (y) = 0 (1)
clearly has f (x) = cx2 as a solution with c an arbitrary constant when f is a real function
of a real variable. We define any solution of (1) to be a quadratic function. A Hyers–
Ulam stability theorem for Eq. (1) was proved by Skof for functions f :V → X, where
V is a normed space and X a Banach space [17]. In the paper [6], Czerwik proved the
Hyers–Ulam–Rassias stability of the quadratic functional equation (1) and this result was
generalized by a number of mathematicians [4,5,9,10,13–16].
Consider the following functional equation:
f
(
n∑
i=1
xi
)
+
∑
1i<jn
f (xi − xj ) = n
n∑
i=1
f (xi). (2)
Recently, the first author [2] investigated the generalized Hyers–Ulam stability problem of
Eq. (2). In Sections 2 and 3 of this paper, we extend the generalized Hyers–Ulam stability
of the quadratic functional equation (2) to Banach modules over a Banach algebra and a
C∗-algebra, and prove the stability.
2. Results in Banach modules over a Banach algebra
In this paper, let B be a unital Banach algebra with norm | · |, and B1 = {a ∈ B | |a| = 1},
let BB1 and BB2 be left Banach B-modules with norms || · || and ‖ · ‖, respectively, and let
ϕ : BB1 \ {0} × · · · × BB1 \ {0}︸ ︷︷ ︸
n
→ [0,∞)
be a function satisfying
ϕ˜(x1, . . . , xn) :=
∞∑
m=0
1
n2(m+1)
ϕ(nmx1, . . . , n
mxn) < ∞ (3)
for all x1, . . . , xn ∈ BB1 \ {0}, or
ϕ˜(x1, . . . , xn) :=
∞∑
m=0
n2mϕ
(
x1
nm+1
, . . . ,
xn
nm+1
)
< ∞ (4)
for all x1, . . . , xn ∈ BB1 \ {0}.
Definition. A quadratic mapping Q : BB1 → BB2 is called B-quadratic if Q(ax) =
a2Q(x) for all a ∈ B and all x ∈ BB1.
Theorem 2.1. Let f : BB1 → BB2 be a mapping such that∥∥∥∥∥f
(
n∑
axi
)
+
∑
f (axi − axj ) − na2
n∑
f (xi)
∥∥∥∥∥ ϕ(x1, . . . , xn) (5)
i=1 1i<jn i=1
198 J.-H. Bae, W.-G. Park / J. Math. Anal. Appl. 294 (2004) 196–205for all a ∈ B1 and all x1, . . . , xn ∈ BB1 \ {0}, and let f (0) = 0 for the case (4). If f (tx)
is continuous in t ∈ R for each fixed x ∈ BB1, then there exists a unique B-quadratic
mapping Q : BB1 → BB2 such that∥∥∥∥Q(x) − f (x)+ n2(n+ 1)f (0)
∥∥∥∥ ϕ˜(x, . . . , x) (6)
for all x ∈ BB1 \ {0}. The mapping Q : BB1 → BB2 is given by
Q(x) =
{
limm→∞ f (n
mx)
n2m
if ϕ satisfies (3),
limm→∞ n2mf
(
x
nm
)
if ϕ satisfies (4),
for all x ∈ BB1.
Proof. By [3], it follows from the inequality of the statement for a = 1 that there exists
a unique quadratic mapping Q : BB1 → BB2 satisfying (6). The quadratic mapping Q is
similar to the additive mapping T given in the proof of [12]. Under the assumption that
f (tx) is continuous in t ∈ R for each fixed x ∈ BB1, by the same reasoning as the proof
of [12], the quadratic mapping Q : BB1 → BB2 satisfies Q(tx) = t2Q(x) for all x ∈ BB1
and all t ∈ R.
Suppose that ϕ satisfies (3). Replacing x1, . . . , xn by nm−1x in (5),∥∥∥∥f (nmax)+ n(n− 1)2 f (0) − n2a2f (nm−1x)
∥∥∥∥ ϕ(nm−1x, . . . , nm−1x) (7)
for all a ∈ B1 and all x ∈ BB1 \ {0}. Putting a = 1 and replacing x1, . . . , xn by x in (5),∥∥∥∥f (nx) + n(n− 1)2 f (0) − n2f (x)
∥∥∥∥ ϕ(x, . . . , x) (8)
for all x ∈ BB1 \ {0}. Replacing x by nm−1ax in (8),∥∥∥∥f (nmx)+ n(n − 1)2 f (0)− n2f (nm−1x)
∥∥∥∥ ϕ(nm−1x, . . . , nm−1x) (9)
for all a ∈ B1 and all x1, . . . , xn ∈ BB1 \ {0}.
Note that for each a ∈ B and each w ∈ BB2,
‖aw‖K|a| · ‖w‖ (10)
for some K > 0. Using (7), (9) and (10),∥∥f (nmax)− a2f (nmx)∥∥

∥∥∥∥f (nmax)+ n(n− 1)2 f (0) − n2a2f (nm−1x)
∥∥∥∥
+
∥∥∥∥n2a2f (nm−1x) − a2f (nmx) − n(n− 1)2 f (0)
∥∥∥∥
 ϕ(nm−1x, . . . , nm−1x)
+ ∥∥n2a2f (nm−1x) − a2f (nmx)∥∥+ ∥∥∥∥−n(n− 1)f (0)
∥∥∥∥2
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+ K∥∥n2f (nm−1x) − f (nmx)∥∥+ n(n− 1)
2
∥∥f (0)∥∥
 ϕ(nm−1x, . . . , nm−1x)
+ K
(∥∥∥∥n2f (nm−1x) − f (nmx) − n(n− 1)2 f (0)
∥∥∥∥+
∥∥∥∥n(n − 1)2 f (0)
∥∥∥∥
)
+ n(n − 1)
2
∥∥f (0)∥∥
 ϕ(nm−1x, . . . , nm−1x)
+ K
(
ϕ(nm−1x, . . . , nm−1x) +
∥∥∥∥n(n − 1)2 f (0)
∥∥∥∥
)
+ n(n − 1)
2
∥∥f (0)∥∥
for all a ∈ B1 and all x ∈ BB1 \ {0}.
So n−2m‖f (nmax)− a2f (nmx)‖ → 0 as m → ∞ for all a ∈ B1 and all x ∈ BB1 \ {0}.
By the definition of Q, for each element a ∈ B1,
Q(ax) = lim
m→∞
f (nmax)
n2m
= lim
m→∞
a2f (nmx)
n2m
= a2Q(x)
for all x ∈ BB1 \ {0}. For a ∈ B \ {0},
Q(ax) = Q
(
|a| a|a|x
)
= |a|2Q
(
a
|a|x
)
= |a|2 a
2
|a|2 Q(x) = a
2Q(x)
for all x ∈ BB1 \ {0}. So Q is B-quadratic.
By the same reasoning as above, for the case (4), one can show that the R-quadratic
mapping Q is B-quadratic, as desired. 
Notice that, for the case (4),
Q(x) =
{
limm→∞ n2m
(
f (n−mx)− n2(n+1)f (0)
)
for x = 0,
0 for x = 0,
in [3]. To get Q(ax) = a2Q(x) for all a ∈ B1 and for all x ∈ BB1, we need the assumption
f (0) = 0. In this paper, assume that f (0) = 0 for the case (4).
Corollary 2.1. Let p = 2, θ > 0 be real numbers, and f : BB1 → BB2 a mapping such that∥∥∥∥∥f
(
n∑
i=1
axi
)
+
∑
1i<jn
f (axi −axj )−na2
n∑
i=1
f (xi)
∥∥∥∥∥ θ(‖x1‖p + · · · + ‖xn‖p)
for all a ∈ B1 and all x1, . . . , xn ∈ BB1 \ {0}. If f (tx) is continuous in t ∈ R for each fixed
x ∈ BB1, then there exists a unique B-quadratic mapping Q : BB1 → BB2 such that∥∥∥∥Q(x) − f (x)+ n2(n+ 1)f (0)
∥∥∥∥ nθ|n2 − np| ‖x‖p (11)
for all x ∈ BB1 \ {0}.
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such that∥∥∥∥∥f
(
n∑
i=1
λxi
)
+
∑
1i<jn
f (λxi − λxj ) − nλ2
n∑
i=1
f (xi)
∥∥∥∥∥ ϕ(x1, . . . , xn)
for all λ ∈ C with |λ| = 1 and all x1, . . . , xn ∈ E1 \ {0}. If (tx) is continuous in t ∈ R for
each fixed x ∈ E1, then there exists a unique C-quadratic mapping Q :E1 → E2 such that∥∥∥∥Q(x) − f (x)+ n2(n+ 1)f (0)
∥∥∥∥ ϕ˜(x, . . . , x)
for all x ∈ E1 \ {0}.
Proof. Since C is a Banach algebra, the Banach spaces E1 and E2 are considered as
Banach modules over C. By Theorem 2.1, there exists a unique C-quadratic mapping
Q :E1 → E2 satisfying the conditions given in the statement. 
Theorem 2.2. Let f : BB1 → BB2 be a mapping such that∥∥∥∥∥a2f
(
n∑
i=1
xi
)
+ a2
∑
1i<jn
f (xi − xj ) − n
n∑
i=1
f (axi)
∥∥∥∥∥ ϕ(x1, . . . , xn)
for all a ∈ B1 and all x1, . . . , xn ∈ BB1 \ {0}. If f (tx) is continuous in t ∈ R for each fixed
x ∈ BB1, then there exists a unique B-quadratic mapping Q : BB1 → BB2 such that (6).
The mapping Q : BB1 → BB2 is given by the same formula as the statement of Theo-
rem 2.1.
Proof. By a similar method of the proof of Theorem 2.1, one can obtain the result. 
From now on, let B be a complex unital Banach ∗-algebra with norm | · |.
Definition. For a ∈ B , let b = aa∗, a∗a, or (aa∗ + a∗a)/2. A quadratic mapping
Q : BB1 → BB2 is called Bsa-quadratic if Q(ax) = bQ(x) for all a ∈ B , and all x ∈ BB1.
Theorem 2.3. Let f : BB1 → BB2 be a mapping such that∥∥∥∥∥f
(
n∑
i=1
axi
)
+
∑
1i<jn
f (axi − axj ) − nb
n∑
i=1
f (xi)
∥∥∥∥∥ ϕ(x1, . . . , xn) (12)
for all a ∈ B1 and all x1, . . . , xn ∈ BB1 \ {0}. If f (tx) is continuous in t ∈ R for each fixed
x ∈ BB1, then there exists a unique Bsa-quadratic mapping Q : BB1 → BB2 satisfying (6).
Proof. By the same reasoning as the proof of Theorem 2.1, there exists a unique quadratic
mapping Q : BB1 → BB2 satisfying (6).
Suppose that ϕ satisfies (3). Replacing x1, . . . , xn by nm−1x in (12),∥∥∥∥f (nmax)+ n(n− 1)f (0) − n2bf (nm−1x)
∥∥∥∥ ϕ(nm−1x, . . . , nm−1x) (13)2
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∥∥∥∥ ϕ(x, . . . , x) (14)
for all x ∈ BB1 \ {0}. Replacing x by nm−1ax in (14),∥∥∥∥f (nmx)+ n(n − 1)2 f (0)− n2f (nm−1x)
∥∥∥∥ ϕ(nm−1x, . . . , nm−1x) (15)
for all a ∈ B1 and all x1, . . . , xn ∈ BB1 \ {0}.
Using (13), (15) and (10),∥∥f (nmax)− bf (nmx)∥∥

∥∥∥∥f (nmax)+ n(n− 1)2 f (0) − n2bf (nm−1x)
∥∥∥∥
+
∥∥∥∥n2bf (nm−1x)− bf (nmx)− n(n − 1)2 f (0)
∥∥∥∥
 ϕ(nm−1x, . . . , nm−1x)
+ ∥∥n2bf (nm−1x)− bf (nmx)∥∥+ ∥∥∥∥−n(n− 1)2 f (0)
∥∥∥∥
 ϕ(nm−1x, . . . , nm−1x)
+ K∥∥n2f (nm−1x) − f (nmx)∥∥+ n(n− 1)
2
∥∥f (0)∥∥
 ϕ(nm−1x, . . . , nm−1x)
+ K
(∥∥∥∥n2f (nm−1x) − f (nmx) − n(n− 1)2 f (0)
∥∥∥∥+
∥∥∥∥n(n − 1)2 f (0)
∥∥∥∥
)
+ n(n − 1)
2
∥∥f (0)∥∥
 ϕ(nm−1x, . . . , nm−1x)
+ K
(
ϕ(nm−1x, . . . , nm−1x) +
∥∥∥∥n(n − 1)2 f (0)
∥∥∥∥
)
+ n(n − 1)
2
∥∥f (0)∥∥
for all a ∈ B1 and all x ∈ BB1 \ {0}.
So n−2m‖bf (nmx) − f (nmax)‖ → 0 as m → ∞ for all a ∈ B1 and all x ∈ BB1 \ {0}.
By the definition of Q, for each element a ∈ B1,
bQ(x) = lim
m→∞
bf (nmx)
n2m
= lim
m→∞
f (nmax)
n2m
= Q(ax)
for all x ∈ BB1 \ {0}. For a ∈ B1 \ {0},
Q(ax) = Q
(
|a| a|a|x
)
= |a|2Q
(
a
|a|x
)
= |a|2 b|a|2 Q(x) = bQ(x)
for all x ∈ BB1 \ {0}. So Q is Bsa-quadratic.
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mapping Q is Bsa-quadratic, as desired. 
Theorem 2.4. Let f : BB1 → BB2 be a mapping such that∥∥∥∥∥bf
(
n∑
i=1
xi
)
+ b
∑
1i<jn
f (xi − xj ) − n
n∑
i=1
f (axi)
∥∥∥∥∥ ϕ(x1, . . . , xn) (16)
for all a ∈ B1 and all x1, . . . , xn ∈ BB1 \ {0}. If f (tx) is continuous in t ∈ R for each fixed
x ∈ BB1, then there exists a unique Bsa-quadratic mapping Q : BB1 → BB2 satisfying (6).
Proof. By a similar method of the proof of Theorem 2.3, one can obtain the result. 
3. Results in Banach modules over a C∗-algebra
Throughout this section, let A be a unital C∗-algebra with a norm | · |, and let AB1
and AB2 be left Banach A-modules with norms || · || and ‖ · ‖, respectively. Put A1 =
{a ∈ A | |a| = 1}, Ain = {a ∈ A | a is invertible in A} and Asa = {a ∈ A | a = a∗}. Let ϕ be
nonnegative real valued functions defined on AB1 ×AB1 satisfying (3) or (4) on AB1 \ {0}.
Kadison and Pedersen [11] showed the following
Lemma 3.1. Let a ∈ A and |a| < 1 − 2/m for some integer m greater than 2. Then there
are m unitary elements u1, . . . , um ∈ A such that ma = u1 + · · · + um.
We prove the generalized Hyers–Ulam–Rassias stability of the functional equation (2)
in Banach modules over a unital C∗-algebra.
Theorem 3.2. Let A be of real rank 0 and commutative and let f : AB1 → AB2 a mapping
such that∥∥∥∥∥f
(
n∑
i=1
axi
)
+
∑
1i<jn
f (axi − axj ) − na2
n∑
i=1
f (xi)
∥∥∥∥∥ ϕ(x1, . . . , xn)
for all a ∈ exp(U(A)) ∪ {1} and all x1, . . . , xn ∈ AB1 \ {0}. For each fixed x ∈ AB1, let the
sequence {f (nmx)/n2m} converges uniformly on A1 for the case (3), and the sequence
{n2mf (x/nm)} converges uniformly on A1 for the case (4). If f (ax) is continuous in a ∈
A1 ∪R for each fixed x ∈ AB1, then there exists a unique A-quadratic mapping Q : AB1 →
AB2 satisfying (6) on AB1 \ {0}.
Proof. By the same reasoning as the proof of Theorem 2.1, there exists a unique quadratic
mapping Q : AB1 → AB2 satisfying (6) on AB1 \ {0}. By a similar method to the proof of
Theorem 2.1, the quadratic mapping Q satisfies Q(ax) = a2Q(x) for all a ∈ exp(U(A))
∪ {1} and all x ∈ AB1 \ {0}.
Let D := {a ∈ A | Sp(a) ⊂ C \ [0,∞]}. For each element a ∈ A1 ∩ D, there exists a
positive integer m satisfying 3 + | loga| < m. By Lemma 3.1, there are unitary elements
u1, . . . , um ∈ U(A) such that 1 + loga = u1 + · · · + um. Put b := (1 + loga)/m. Then
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= e2mbQ(x) = e2a2Q(x)
for all a ∈ A1 ∩D and all x ∈ AB1 \ {0}. But Q(eax) = e2Q(ax). So Q(ax) = a2Q(x) for
all a ∈ A1 ∩D and all x ∈ AB1 \ {0}. Let E := {a ∈ A | Sp(a) ⊂ C\ [−∞,0]}. By the same
process as the above argument, one can obtain that Q(ax) = a2Q(x) for all a ∈ A1 ∩ E
and all x ∈ AB1. Hence Q(ax) = a2Q(x) for all a ∈ A1 ∩ (D ∪ E) = A1 ∩ Ain and all
x ∈ AB1.
The rest of the proof is the same as the proof of Theorem 3.1. 
Theorem 3.3. Let A be of real rank 0 and commutative and let f : AB1 → AB2 a mapping
such that∥∥∥∥∥f
(
n∑
i=1
axi
)
+
∑
1i<jn
f (axi − axj ) − na2
n∑
i=1
f (xi)
∥∥∥∥∥ ϕ(x1, . . . , xn)
for all a ∈ {±1, i} exp(A+) and all x1, . . . , xn ∈ AB1 \ {0}. For each fixed x ∈ AB1, let the
sequence {f (nmx)/n2m} converges uniformly on A1 for the case (3), and the sequence
{n2mf (x/nm)} converges uniformly on A1 for the case (4). If f (ax) is continuous in a ∈
A1 ∪R for each fixed x ∈ AB1, then there exists a unique A-quadratic mapping Q : AB1 →
AB2 satisfying (6) on AB1 \ {0}.
Proof. By the same reasoning as the proof of Theorem 2.1, there exists a unique
quadratic mapping Q : AB1 → AB2 satisfying (6) on AB1 \ {0}. By a similar method to
the proof of Theorem 2.1, the quadratic mapping Q satisfies Q(ax) = a2Q(x) for all
a ∈ {±1, i} exp(A+) and all x ∈ AB1 \ {0}.
For any element a ∈ A, a = a1 + ia2, where a1 = (a + a∗)/2 and a2 = (a − a∗)/(2i)
are self-adjoint elements, furthermore, a = a+1 − a−1 + ia+2 − ia−2 , where a+1 , a−1 , a+2 ,
and a−2 are positive elements (see Lemma 38.8 in [1]). Let D := {a ∈ A | Sp(a) ⊂ C \[0,∞]}. For a ∈ A1 ∩D, put b = 1 + loga. Then
Q(eax) = Q(ebx) = Q(eb+1 e−b−1 eib+2 e−ib−2 x)
= e2b+1 e−2b−1 e2ib+2 e−2ib−2 Q(x) = e2bQ(x) = e2a2Q(x)
for all a ∈ A1 ∩ D and all x ∈ AB1 \ {0}. Let E := {a ∈ A | Sp(a) ⊂ C \ [−∞,0]}. By
the same process as the above argument, one can obtain that Q(eax) = e2a2Q(x) for all
a ∈ A1 ∩ E and all x ∈ AB1.
The rest of the proof is the same as the proof of Theorem 3.2. 
Theorem 3.1. Let A be a unital C∗-algebra of real rank 0. Let f : AB1 → AB2 be a map-
ping satisfying∥∥∥∥∥f
(
n∑
i=1
axi
)
+
∑
1i<jn
f (axi − axj ) − na2
n∑
i=1
f (xi)
∥∥∥∥∥ ϕ(x1, . . . , xn)
for all a ∈ A1 ∩Ain and all x1, . . . , xn ∈ AB1 \{0}. For each fixed x ∈ AB1, let the sequence
{f (nmx)/n2m} converge uniformly on A1 for the case (3), and the sequence {n2mf (x/nm)}
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fixed x ∈ AB1, then there exists a unique A-quadratic mapping Q : AB1 → AB2 satisfy-
ing (6) on AB1 \ {0}.
Proof. By the same reasoning as the proof of Theorem 2.1, there exists a unique quadratic
mapping Q : AB1 → AB2 satisfying (6) on AB1 \ {0}, and
Q(ax) = a2Q(x) (17)
for all a ∈ A1 ∩ Ain and all x ∈ AB1. By the continuity and the uniform convergence, one
can show that Q(ax) is continuous in a ∈ A1 for each x ∈ AB1.
Let b ∈ A1 \ Ain. Since Ain ∩ Asa is dense in Asa, there exists a sequence {bm} in
Ain ∩ Asa such that bm → b as m → ∞. Put am = bm/|bm|. Then am → b as m → ∞ and
am ∈ A1 ∩ Ain. By the continuity of Q,
lim
m→∞Q(amx) = Q
(
lim
m→∞ amx
)
= Q(bx) (18)
for all x ∈ AB1. By (17),∥∥Q(amx)− b2Q(x)∥∥= ∥∥a2mQ(x) − b2Q(x)∥∥→ ∥∥b2Q(x)− b2Q(x)∥∥= 0 (19)
as m → ∞. By (18) and (19),∥∥Q(bx) − b2Q(x)∥∥ ∥∥Q(bx)− Q(amx)∥∥+ ∥∥Q(amx) − b2Q(x)∥∥→ 0
as m → ∞ (20)
for all x ∈ AB1. By (17) and (20), Q(ax) = a2Q(x) for all a ∈ A1 and all x ∈ AB1.
The rest of the proof is similar to the proof of Theorem 2.1. 
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